
 
 

Copyright belongs to the author. Small sections of the text, not exceeding three paragraphs, can be used 
provided proper acknowledgement is given.  

 
The Rimini Centre for Economic Analysis (RCEA) was established in March 2007. RCEA is a private, 
nonprofit organization dedicated to independent research in Applied and Theoretical Economics and related 
fields. RCEA organizes seminars and workshops, sponsors a general interest journal The Review of 
Economic Analysis, and organizes a biennial conference: The Rimini Conference in Economics and Finance 
(RCEF) . The RCEA has a Canadian branch: The Rimini Centre for Economic Analysis in Canada (RCEA-
Canada). Scientific work contributed by the RCEA Scholars is published in the RCEA Working Papers and 
Professional Report series. 
 
The views expressed in this paper are those of the authors. No responsibility for them should be attributed to 
the Rimini Centre for Economic Analysis. 

 
 

The Rimini Centre for Economic Analysis  
Legal address: Via Angherà, 22 – Head office: Via Patara, 3 - 47900 Rimini (RN) – Italy 

www.rcfea.org -  secretary@rcfea.org 
 

 

 
 
 

 
 
 

Zhongxian Men 
University of Waterloo, Canada 

 
Tony S. Wirjanto 

University of Waterloo, Canada 
The Rimini Centre for Economic Analysis (RCEA), Italy 

 
Adam W. Kolkiewicz 

University of Waterloo, Canada 
 

 
 

A THRESHOLD STOCHASTIC CONDITIONAL 
DURATION MODEL FOR FINANCIAL 

TRANSACTION DATA 

WP 30_13



A Threshold Stochastic Conditional Duration Model for

Financial Transaction Data

Zhongxian Mena, Tony S. Wirjantoa,b,∗, Adam W. Kolkiewicza

aDepartment of Statistics and Actuarial Science, University of Waterloo, 200 University

Avenue West, Waterloo, Ontario, Canada N2L 3G1
bSchool of Accounting and Finance, University of Waterloo, 200 University Avenue

West, Waterloo, Ontario, Canada N2L 3G1

Abstract

This paper proposes a threshold stochastic conditional duration (TSCD)
model to capture the asymmetric property of financial transactions. The
innovation of the observable duration equation is assumed to follow a thresh-
old distribution with two component distributions switching between two
regimes. The distributions in different regimes are assumed to be Expo-
nential, Gamma or Weibull. To account for uncertainty in the unobserved
threshold level, the observed durations are treated as self-exciting threshold
variables. Adopting a Bayesian approach, we develop novel Markov Chain
Monte Carlo algorithms to estimate all of the unknown parameters and latent
states. To forecast the one-step ahead durations, we employ an auxiliary par-
ticle filter where the filter and prediction distributions of the latent states are
approximated. The proposed model and the developed MCMC algorithms
are illustrated by using both simulated and actual financial transaction data.
For model selection, a Bayesian deviance information criterion is calculated
to compare our model with other competing models in the literature. Over-
all, we find that the threshold SCD model performs better than the SCD
model when a single positive distribution is assumed for the innovation of
the duration equation.
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1. Introduction

Rapid development in computer technology in terms of computational
speed and storage capacity has enabled researchers recently to work with
high-frequency financial data at the transaction level. As a result, more at-
tention has been paid on the microstructure of the financial markets through
the analysis of tick-by-tick data. This analysis is typically carried out on
financial duration time series, where durations are defined as the time inter-
vals between two consecutive transactions. This type of time series include
waiting time between two transactions, bid ask prices, trading volumes, etc.
A salient feature of these data is that the observed time series of durations
are irregularly spaced with positive observations. Moreover duration time
series are often observed to be highly persistent and clustered over time.
These properties make it challenging for researchers to conduct statistical
analysis to examine the local property of financial transaction data. The
commonly used volatility models such as the ARCH/GARCH models, and
the stochastic volatility (SV) models are designed for regularly spaced data
and, therefore, they are not appropriate for analyzing duration data. In a
seminal paper by Engle and Russel (1998), an autoregressive conditional du-
ration (ACD) model is developed for analyzing the duration time-series data.
The ACD model is an extension of the ARCH/GARCH models, where the
innovation of the measurement equation follows a distribution with a posi-
tive support, and the conditional durations are specified as a deterministic
process of the ARCH/GARCH type. More specifically, future duration is
specified as a deterministic function of the present and past durations and
the present and past of innovations. The latent duration process is assumed
to follow a GARCH(1, 1) process, which has been shown to be suitable for
the analysis of the transaction data. To estimate the parameters of the ACD
model, the authors propose a maximum likelihood (ML) method.

Since then, the ACD model proposed by Engle and Russel (1998) has
been extended to better analyze financial transaction time series. In par-
ticular, there are two streams of this research. One stream of this research
generalizes the latent process of the ACD model in Engle and Russel (1998)
by letting the log conditional durations to follow a first-order autoregressive,
AR(1), process with a univariate normal innovation. In analogy to SV mod-
els, Bauwens and Veredas (2004) propose a stochastic conditional duration
(SCD) model, where a logarithmic transformation of conditional durations
is assumed to follow an AR(1) process, while the errors of the observable
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durations are assumed to be drawn from a positive distribution, such as
Exponential or Weibull. We note that, in their original model specifica-
tion, there is no correlation between the durations and the latent durations
permitted. Since both the duration and the log transformed durations are
driven by stochastic processes, the SCD model is able to better characterize
the properties of financial transaction data. To fit the SCD model, the au-
thors use a quasi-maximum likelihood (QML) method with a Kalman filter
methodology. For the same model, Strickland, Forbes, and Martin (2006) de-
velop an MCMC method for the estimation of model’s parameters, where the
latent states are sampled in blocks and estimated as a by-product of the es-
timation procedure. Knight and Ning (2008) propose an estimation method
based on generalized method of moments (GMM), where the moments are
calculated via an empirical characteristic function (ECF). Bauwens and Galli
(2009) develop an efficient important sampling (EIS) estimator for the SCD
model studied in Bauwens and Veredas (2004). The original specification of
the SCD model studied by Bauwens and Veredas (2004) does not allow for
correlation between the durations and the log conditional durations. How-
ever, there is evidence assembled in the SV literature to suggest a nontrivial
correlation between the asset returns and the log volatilities observed with
a negative sign, particularly in the equity market. This is interpreted as a
leverage effect. Following this argument, attempts have been made in the lit-
erature to introduce a correlation between the durations and log durations in
the SCD model. Based on this consideration and also to tackle the positivity
of the shocks of the measurement equation, two SCD models have recently
been proposed. These two SCD models work with a log transformation of
the observed duration time series. In this regard, Feng, Jiang, and Song
(2004) propose a SCD model via a log transformation of the mean equation
of the SCD model of Bauwens and Veredas (2004), and then the logarithm
of the innovations is introduced into the latent AR(1) process linearly. It is
expected that the coefficient of the added term in the AR(1) process captures
the correlation between the transformed durations and the log conditional
durations. The authors find a positive correlation between the two processes
of the transformed SCD model. Without putting the log innovation in the
AR(1) process as in Feng, Jiang, and Song (2004), a more general mixture
SCD model was recently formulated by Xu, Knight, and Wirjanto (2011)
in which the joint distribution of the log innovation and the innovation of
the latent AR(1) process is approximated by a mixture of two bivariate nor-
mal distributions. The purpose of introducing the mixture setting into their
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model is to approximate the joint distribution that exhibit heavy tail and
asymmetric properties. A suitable continuous ECF (CECF) method is de-
rived by the authors to estimate the parameters of the transformed SCD
model and applied to two transaction data of IBM and Boeing. They also
report a positive correlation between the transformed durations and the la-
tent durations. It is noticed that the correlation modeled in Feng, Jiang, and
Song (2004) and Xu, Knight, and Wirjanto (2011) is actually the correlation
based on the transformed durations, which, strictly speaking, does not re-
flect the true correlation between the originally observed durations and the
log conditional durations. Inspired by this argument, more recently Men,
Kolkiewicz, and Wirjanto (2012) proposed an SCD model based on the SCD
model in Bauwens and Veredas (2004) by integrating the innovation of the
measurement equation into the AR(1) process. Then the coefficient of the
integrated term to the AR(1) process is allowed to capture the correlation
between the durations and the future log durations. An MCMC method is
derived by the authors to fit their SCD model. They report a significantly
negative correlation, which can more appropriately be interpreted as a lever-
age effect between the financial durations and the logarithm of the conditional
durations This proposed SCD model is called an asymmetric SCD (ASCD)
model.

Another stream of research, which extends the ACD model of Engle and
Russel (1998), focuses on modeling the properties of the innovation process of
the observed durations. The objective of this type of studies is to model the
marginal distribution of durations. De Luca and Gallo (2004, 2009) propose
ACD models where the innovation of mean equation follows a distribution
which is a mixture of two Exponential distributions with time invariant and
time varying mixture weights, respectively. Based on the analysis of their
real duration data, the authors find that their mixture ACD models can
fit the data better than the ACD model with a single distribution imposed
on the duration process. More recently, Wirjanto, Kolkiewicz, and Men
(2013) formulate a SCD model, where a mixture of two positive distributions
is endowed on the shocks of the measurement equation. The component
distributions could be either Exponential, Gamma or Weibull. Moreover, a
correlation between the duration and the log duration processes is introduced
in order to capture the potential leverage effect. Suitable MCMC algorithms
were developed by the authors to fit their mixture SCD models. Using the
FIAT transaction data, which was also analyzed in De Luca and Gallo (2004),
the authors conclude that their mixture ASCD model with a mixture of two
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Gamma distributions can fit the data reasonable well and they obtain a
significantly negative correlation estimate between the duration and the log
duration processes.

The mixture distribution specification of the ACD and SCD models is in-
tended to accommodate the asymmetric property of the duration processes.
However, a threshold specification has also been used to model aspects of
nonlinear time series. In the SV literature, for instance, So, Li, and Lam
(2002) propose a threshold SV (TSV) model, where the latent log conditional
volatilities follow a threshold process that switches between two regimes de-
termined by the signs of the previously observed asset returns. The authors
find that their model is capable of describing the asymmetric property of the
marginal distribution of the financial asset returns. To allow the residuals of
the mean equation of the SV model to be heavy-tailed, Chen, Liu, and So
(2008) propose a heavy-tailed TSV model, where the innovation of the mea-
surement equation follows a Student-t distribution, and the latent threshold
AR(1) process of the SV model is determined by a threshold level. In this
TSV model, the threshold variable is specified as the observed returns, and
the resulting TSV model is self-exciting, or it can be specified as the observed
returns plus some exogenous random variables such as the returns of the VIX
index or the returns of the index of a sector that the considered asset belongs
to. An interesting feature in the TSV model of Chen, Liu, and So (2008) is
that the threshold parameter value is not assumed to be known and fixed
at a preassigned value; rather it is treated as an unknown parameter to be
estimated from data. Another interesting feature of the model is that the
delay parameter, which determines which regime is active, can be chosen
to be the threshold variables lagged one period, but also it can depend on
the information of the threshold variables observed several periods ago. The
threshold level, the delay parameter, and the remaining parameters as well
as the latent states are estimated by their proposed MCMC method. Xu
(2012) considers a more general TSV model based on the TSV model of So,
Li, and Lam (2002) by letting each of the latent regime innovations of the log
volatility processes to be correlated with the standard normal distribution
of the mean equation. Hence, there are two correlations introduced in his
model. Since the volatilities are treated as observable through constructed
realized volatilities, the estimation of the parameters by the maximum like-
lihood method is relatively straightforward. Following a similar idea as the
existing TSV models in the literature, Wirjanto, Kolkiewicz, and Men (2013)
recently propose a TSV model by focusing on modeling the residuals of the
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mean equation. Instead of imposing a standard normal or a Student-t distri-
bution on the shocks of the asset return dynamics, the authors assume that
the shocks follow a threshold distribution with two regimes, where the two
component distributions are given by univariate normal distributions with
mean zero and different variances. A suitable MCMC algorithm is developed
to estimate the parameters of the model. The authors find that the their
proposed TSV model performs better than the SV model proposed in Taylor
(1986).

Motivated by the mixture ACD and SCD models and the threshold SV
models, in this paper we propose a new, threshold SCD (TSCD) model.
In our TSCD model specification, the residuals of the duration process is
assumed to have a threshold distribution with two component distributions
with positive supports, while the log duration process is kept the same as that
in the SCD model of Bauwens and Veredas (2004). The correlation between
the durations and log conditional durations is not permitted. The motiva-
tion here is to model the asymmetric property of the observed durations. In
other words, the distribution of the future durations will be assigned by the
previously observed durations and therefore our TSCD model is self-exciting.
This represents the first contribution of the paper. Secondly, the threshold
level of the threshold variables is assumed to be an unknown parameter, and
will be estimated, which makes the TSCD model more flexible when it is
applied to empirical duration data. Thirdly, novel MCMC algorithms are
developed to estimate the parameters of the models, in which the states are
treated as parameters and will be sampled and estimated as a by-product of
the estimation processes. The advantage of our MCMC methods is that it
is easier to be utilized for duration forecasting, which is very important for
financial risk management. Lastly, in our setting, we assume that the compo-
nent distributions are not only given by Gamma or Weibull, but can also be
given by Exponential, which intensities are estimated using our estimation
approach. Consequently, we believe that our TSCD model is more flexible
than the existing SCD models used to analyze financial duration data.

The remaining parts of this paper are organized as follows. Section 2
introduces the TSCD model and Section 3 details the MCMC algorithm for
parameter estimation of the model under various component distributions.
The latent states are augmented as parameters and estimated as a by-product
of the MCMC estimation process. The difficulty faced in the estimation lies
in the simulation of the latent states. Our simple solution to this problem
is to sample one state at a time via the Metropolis-Hastings (MH) method,
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where the proposal distribution is a univariate normal distribution. Model se-
lection and goodness-of-fit test are discussed in Section 4. Section 5 conducts
simulation studies to assess the proposed TSCD models and the accompa-
nying MCMC algorithms. Section 6 provides empirical applications of the
proposed TSCD model and MCMC algorithms to a benchmark duration data
set of IBM stock. Section 7 concludes.

2. The TSCD Model

Let yt denote the observed duration between two consecutive financial
asset transactions occurred at time t, t ≤ T , where T is a positive integer
representing the sample size. The duration process of yt can be characterized
by a product of two independent processes. Then the SCD model, which is
originally studied in Bauwens and Veredas (2004), can be specified as

yt = exp(ht)εt, t = 1, ..., T, (1)

ht+1 = μ+ φ(ht − μ) + σut+1, t = 1, ..., T − 1, (2)

h1 ∼ N(μ, σ2/(1 − φ2)), (3)

where the innovation, εt, is assumed to follow a distribution with a positive
support such as Gamma or Weibull, each of which has a scale parameter
equal to 1. It is also assumed that εt is independent of ut+1, which is the
innovation of the latent process. Following convention, it is assumed that
ut ∼ N(0, 1), where N(a, b) is a univariate normal distribution with mean
a and variance b. For the latent first-order autoregressive, AR(1), process
in (2) to be weakly stationary, the persistence parameter, φ, is assumed to
satisfy the restriction that |φ| < 1.

As the positivity of the error process of εt renders the estimation of the
SCD model challenging, many previous studies have taken the route of first
taking a logarithm transformation of the durations before fitting it to the
data. In this regard, Feng, Jiang, and Song (2004) consider the log trans-
formed duration data by proposing the following SCD model:

ln(yt) = ht + et, t = 1, ..., T, (4)

ht+1 = μ+ φ(ht − μ) + ψet + σut+1, t = 1, ..., T − 1, (5)

h1 ∼ N(μ, σ2/(1 − φ2)), (6)

where et = ln(εt). The authors introduce the log innovations, et, linearly
in the AR(1) process and the coefficient ψ to capture the correlation be-
tween ln(yt) and ht+1. This correlation is intended to capture a so-called
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leverage effect. They find a positive correlation between the log durations
and the logarithm of conditional durations, ψ > 0. It is worth pointing out
that the distribution of εt assumed in (1) is intended to ensure that the gen-
erated durations, yt, form a time series with positive observations. There
is no theoretical justification a priori to choose either an Exponential or a
Weibull distribution. Motivated by this consideration, Xu, Knight, and Wir-
janto (2011) relax the innovation distributions of the SCD model, (4)-(6), by
approximating the joint distribution of ln(εt) and ut+1 by a mixture of two bi-
variate normal distributions. In their model, ψ = 0. The motivation behind
this specification is to introduce more general distributions for the realized
residuals of the mean equation (1). The authors also find a positive correla-
tion between the two equations of their proposed SCD model. Although the
two proposed transformed SCD models are useful, the correlation defined in
these ways, strictly speaking, does not capture the true correlation between
the two equations of the original SCD model. As a result, Men, Kolkiewicz,
and Wirjanto (2012) recently propose an asymmetric SCD model in which a
correlation between yt and ht+1 is defined directly by integrating εt linearly
in the latent AR(1) process. The authors find that there is a significantly
negative correlation between the durations and the log conditional durations.

As mentioned earlier, the positive distribution assumed for the measure-
ment equation is either Exponential, Gamma, or Weibull. However, there
is no theoretical guidance for selecting one over the other distributions. As
observed in Bauwens and Veredas (2004), Feng, Jiang, and Song (2004), and
Men, Kolkiewicz, and Wirjanto (2012), under either of these distributions,
the right tail of the marginal distribution of durations can be modeled quite
well, but this is not the case for the left tail. Due to this lack of fit, Bauwens
and Veredas (2004) suggest fractional processes for the latent log conditional
durations. Another possible solution to this problem is to introduce a mix-
ture of distributions as proposed by Wirjanto, Kolkiewicz, and Men (2013),
where a mixture of Exponential, Gamma or Weibull distributions is assumed
for the innovation of the duration process.

In this paper, we propose a new TSCD model for financial duration time
series. In our specification of the threshold distribution, the innovation of
the duration process is assumed to follow a threshold distribution, where
the two component distributions have positive supports. Below, we give the
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following definition {
εt ∼ D1(εt; δ1) if yt−1 ≤ r
εt ∼ D2(εt; δ2) if yt−1 > r

(7)

where D1(εt; δ1) and D2(εt; δ1) are two generic distributions with positive sup-
ports, and δ1 and δ2 are two parameter vectors. Here we treat the observed
durations, yt, as the self-exciting threshold variables with a level r. The
threshold level r is not fixed at a known constant value, but it is treated as a
parameter to be estimated. Under this set-up, the innovation distribution of
εt follows a threshold distribution, which switches between two distributions
D1(εt; δ1) and D2(εt; δ1). That is, the distribution of εt is triggered by the
previously observed duration yt−1. To reduce the estimation burden of the
proposed TSCD model and to focus on the estimation methodology, we as-
sume that εt and ut+1 are independent. The TSCD model with a correlation
between the two innovations is subject to future research.

We consider three distributions, which are Exponential, Gamma, and
Weibull to define the threshold distributions D1(εt; δ1) and D2(εt; δ1). These
three distributions are also used in Men, Kolkiewicz, and Wirjanto (2012),
and Wirjanto, Kolkiewicz, and Men (2013). The first distribution is Expo-
nential with density functions{

f1(εt) = 1
λ1

exp
{
− εt

λ1

}
if yt−1 ≤ r

f2(εt) = 1
λ2

exp
{
− εt

λ2

}
if yt−1 > r

(8)

where λ1 > 0 and λ2 > 0.
Next, Gamma is used as the component distributions with density func-

tions {
f1(εt) = 1

Γ(γ1)
εγ1−1
t exp{−εt} if yt−1 ≤ r

f2(εt) = 1
Γ(γ2)

εγ2−1
t exp{−εt} if yt−1 > r

(9)

with the shape parameters γ1 > 0 and γ2 > 0 and the scale parameters are
all set to 1.

Lastly, Weibull is used as the third threshold distributions with density
functions

{
f1(εt) = v1ε

v1−1
t exp{−εv1

t } if yt−1 ≤ r
f2(εt) = v2ε

v2−1
t exp{−εv2

t } if yt−1 > r
(10)
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with the shape parameters v1 > 0 and v2 > 0 and unit scale parameters.
In the specification of the above component distributions, the scale pa-

rameters of the Gamma and Weibull distributions are all set to 1. In this
case, the threshold distributions depend mainly on the shape parameters.
These component distributions are consistent with the commonly proposed
SCD models in the literature. For example, in Bauwens and Veredas (2004),
the authors assume that the innovations, εt, follow either a Gamma or a
Weibull distribution with unit scale parameters. Of course, when both the
shape and scale parameters are assumed to be 1, the component distributions
become the standard Exponential distribution with unit intensity.

Similar to the mixture SCD models studied by Wirjanto, Kolkiewicz, and
Men (2013), at each observation time t, conditional distribution of yt de-
pends on the previous observation yt−1 and the threshold level r. That is,
the distributions of observations will jump between the two regimes with the
arrivals of the previously observed durations. As explained for the mixture
SCD models by Wirjanto, Kolkiewicz, and Men (2013), the two regimes can
be thought to represent two types of traders in the market: informed and
uninformed traders. In other words, the informed and uninformed traders
are assumed to respond to the bad and good news arising from the market
accordingly from time to time. Consequently, the threshold specification of
the innovation distribution of the measurement equation are used to charac-
terize these time dependent responses, giving rise to an asymmetric pattern
in the marginal distributions. Given the threshold distribution, we no longer
need to explicitly specify a correlation between the observation and the latent
process. Actually, we find that our TSCD models perform better over the
correlated SCD models of Men, Kolkiewicz, and Wirjanto (2012), where the
innovation of the measurement equation follows a single positive distribution.

3. Bayesian Analysis

In this section, we describe how to carry out Bayesian analysis for the pro-
posed TSCD models by using MCMC methods. In our developed estimation
algorithms, all of the latent random variables, ht, are augmented as parame-
ters and estimated by the sample means, where the samples are drawn from
their full conditionals. For each specified TSCD model, the latent states are
simulated one at a time by the MH method.

In the following derivation of the MCMC algorithm, we assume that the
innovation of the mean equation follows a threshold distribution with two
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component Gamma distributions, which is called the TSCD-G model here-
after. Accordingly, define by θG = (μ, φ, σ, γ1, γ2, r) the parameters of the
TSCD-G model.

Then, conditioning on the threshold parameter r and the observation
yt−1, the conditional density of yt, t = 2, ..., T , is{

f(yt|yt−1, ht, r) = 1
Γ(γ1)

exp(−γ1ht)y
γ1−1
t exp

{
yt exp(−ht)

}
if yt−1 ≤ r,

f(yt|yt−1, ht, r) = 1
Γ(γ2)

exp(−γ2ht)y
γ2−1
t exp

{
yt exp(−ht)

}
if yt−1 > r.

(11)

Therefore, the posterior density of (θG,h) can be split into two parts accord-
ing to the threshold level r,

f(θG,h|y)

=

T∏
t=2, yt−1≤r

[
1

Γ(γ1)
exp(−γ1ht)y

γ1−1
t exp

{
yt exp(−ht)

}]

×
T∏

t=2, yt−1>r

[
1

Γ(γ2)
exp(−γ2ht)y

γ2−1
t exp

{
yt exp(−ht)

}]
, (12)

where h = (h1, ..., hT ) and y = (y1, ..., yT ), respectively. Bayesian analysis
of the parameters, θG, and the latent states, h, are based on the posterior
density given in (12). That is, all of the full conditionals of parameters and
latent states can be derived from (12), which will be discussed later. The
proposed TSCD models are completed by specifying prior distributions for
all of the parameters in θG. Following convention, it is assumed that all of the
parameters in θG are mutually independent. We assume a univariate normal
distribution for the parameter, μ, such that μ ∼ N(0, 5). The persistence
parameter φ is assumed to have a univariate normal distribution φ ∼ N(0, 5)
truncated in the interval (−1, 1). As usual, instead of sampling σ, we sample
σ2. The prior distribution of σ2 is σ2 ∼ IG(0.25, 5), which is an inverse
Gamma distribution. It is noticed that the above two prior distributions are
flat over their supports because there is not much known information about
the two parameters. For the shape parameters γ1 and γ2 we use Cauchy
distributions as their prior distributions, f(γi) ∝ 1/(1 + γ2

i ), i = 1, 2. The
Cauchy distribution is also used as the prior distribution for the intensity pa-
rameter of Exponential components and for the shape parameters of Weibull
components. As observed in Auśın and Galeano (2007), the choice of the
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prior distributions for the parameters of the component distributions can af-
fect the estimation of the corresponding parameters. We also note that the
choice of these prior distributions can affect the estimates of the correspond-
ing parameters of the component distributions, but should have a minor effect
on the estimates of the parameters in the AR(1) process. In this paper, we
use the Cauchy distribution as the prior distribution for the parameters of
the component distributions when needed. For the threshold parameter r,
we use a uniform distribution between the first and third quartiles to ensure
that there are enough observations in each of the regimes.

Next, we provide derivation of the full conditionals for the parameters and
individual latent state. The algorithm of the MCMC estimation procedure
for the TSCD-G model is listed in Table 1, where the details are explained
below.

Table 1: MCMC algorithm for the TSCD-G model.

Step 0. Initialize h, μ, φ, σ, γ1, γ2, and r.

Step 1. Sample ht, t = 2, ..., T .

Step 2. Sample γ1 and γ2.

Step 3. Sample r.

Step 4. Sample μ, φ and σ2.

Step 5. Go to Step 1.

Step 0. Initialize h, μ, φ, σ, γ1 and γ2 and r. To start the MCMC
algorithm, the initial values of the parameters of the model are set as μ =
−0.5, φ = 0.5, ψ = 0.5, σ = 0.12, γ1 = 0.5 and γ2 = 1.5. The initial value
of r is set as the mean of the observations, which falls into the interval of
the first and third quartiles of the observations. The initial values of h are
generated from the latent AR(1) process with the above initial parameters.

Step 1. Sample h. Here, we only give the full conditionals of ht, t =
3, ...T . The full conditional of h2 is easy to derive and, thus, omitted from
this paper. Given that r has been sampled previously and assuming that
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yt−1 is less than or equal to r, the full conditional of ht is given by

f(ht|yt, θG, yt−1 ≤ r)

∝ f(yt|ht, θG, yt−1 ≤ r)f(ht|ht−1, yt−1, θG)f(ht|yt, ht+1, θG)

∝ exp(−γ1ht) exp
{
− yt exp(−ht)

}
× exp

{
−

[
ht − μ− φ(ht−1 − μ)

]2

2σ2

}

× exp

{
−

[
ht+1 − μ− φ(ht − μ)

]2

2σ2

}

∝ exp
{
− yt exp(−ht)

}
× exp

{
−

(
ht − μt

)2

2σ2
t

}
, (13)

where

μt = −σ2
t γ1 + μ+

φ[(ht+1 − μ) + (ht − μ)]

1 + φ2
, σ2

t =
σ2

1 + φ2
.

Thus, the full conditional of ht can be sampled by the MH method with the
univariate normal distribution N(μt, σ

2
t ) as the proposal. The full conditional

of ht given yt−1 > r can be carried out similarly.

Step 2. Sample γ1 and γ2. Given that r has been sampled from the
previous iteration of the MCMC algorithm, the full conditional of γi, i = 1, 2,
are given by

f(γ1|y, θ−γ1
) ∝

T∏
t=2, yt−1≤r

(
exp(−γ1ht)

Γ(γ1)
yγ1−1

t

)
, (14)

f(γ2|y, θ−γ2
) ∝

T∏
t=2, yt−1>r

(
exp(−γ2ht)

Γ(γ2)
yγ2−1

t

)
. (15)

where θ−γi
defines a collection of model parameters except γi, i = 1, 2. These

distributions are not simple distributions that can be simulated directly. Our
solution is to use a random walk MH method with a univariate standard
normal distribution as the proposal.
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Step 3. Sample r. The full conditional of r is

f(r|y, θ−r)

∝
T∏

t=2, yt−1≤r

(
exp(−γ1ht)

Γ(γ1)
yγ1−1

t

) T∏
t=2, yt−1>r

(
exp(−γ2ht)

Γ(γ2)
yγ2−1

t

)
. (16)

The full conditional of r is not a simple distribution either. So again we
use a random walk MH method to simulate this posterior distribution with
a univariate normal distribution N(0, σ2

0), where σ0 is tuned for the random
walk MH method to have a reasonable acceptance rate. Our experience
shows that the acceptance rate between 20 to 50, which is acceptable in the
Bayesian literature, can give us a satisfactory convergence rate.

Step 4. Sample μ, φ and σ2. The full conditional of μ is a univariate
normal distribution that can be simulated easily. The full conditional of φ is a
univariate normal distribution truncated in the interval (-1, 1), which can be
simulated by the slice sampler or by using procedures available in statistical
software. The full conditional of σ2 is an inverse Gamma distribution from
which the sampling is relatively easy to carry out. The derivation of the
full conditionals of μ, φ and σ2 are not given in this paper since they can be
found in several SV and SCD papers, such as Men, Kolkiewicz, and Wirjanto
(2012).

Some additional comments regarding the proposed MCMC algorithm are
in order. Firstly, if the two threshold components have Exponential distribu-
tions, the simulation of the two scale parameters can be done by independent
sampling from two inverse Gamma distributions. Secondly, the shape param-
eters of the Weibull distributions can be simulated similarly as we describe
for the threshold Gamma distributions.

4. Model Selection and Assessment

4.1. Model selection

Since there are three threshold distributions assumed for the innovations
of the duration process, we need to discriminate which fitted TSCD model
performs better. To perform this model comparison, AIC in Akaike (1987)
and the BIC in Schwarz (1978) are the main tools used in the literature.
But there are issues arising from using these two criteria. One problem is
that AIC prefers a model with a larger number of parameters, while BIC
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typically chooses a model with a smaller number of parameters. Another
problem with using the AIC/BIC to discriminate the SCD/TSCD models is
that the calculation of the AIC and BIC requires an exact number of pa-
rameters. As argued in Men, Kolkiewicz, and Wirjanto (2012), this is not
appropriate for latent state models such as the SCD/TSCD models. In the
MCMC estimation procedure, all of the latent states are treated as param-
eters to be estimated. Since the latent states tend to be highly correlated
with each other, each of these latent states can not be properly considered as
independent parameters. Consequently, the exact number of parameters of
the TSCD model is hard to tell. Motivated by this argument, Berg, Meyer,
and Yu (2004) use a new Bayesian criterion known as a deviance information
criterion (DIC) or model comparison of univariate SV models. This DIC
is originally introduced by Spiegelhalter, Best, Carlin, and Van der Linde
(2002). The DIC overcomes the second issue associated with the AIC/BIC
mentioned above, since it does not depend on the number of model parame-
ters. The DIC is defined as

DIC = Eθ|y[D(θ)] + PD,

where θ represents the model’s parameters, PD = Eθ|y[D(θ)]−D(E[θ|y]) and
D(θ) = −2 log f(y|θ), where f(y|θ) is the likelihood. If we define D̄(θ) =
Eθ|y[D(θ)] and D(θ̄) = D(E[θ|y]), then PD = D̄ − D(θ̄) and DIC can be
rewritten as

DIC = 2D̄ −D(θ̄).

Here, D̄(θ) is the posterior mean of the deviance, which is a measure of how
well a model fits the data; the larger this is, the worse is the fit of the model.
PD is the effective number of parameters of the model, called the deviance
of the posterior mean, which measures the model complexity. The larger PD

is, the better the model fits the data. A model with a lower value of DIC is
to be preferred. It is clear that a larger number of parameters also means a
higher complexity of the model, and PD term compensates for this effect.

Since the observed durations are highly correlated due to the non-linear
and hierarchical structures, the calculation of D(θ) has to be done numeri-
cally. The likelihood of the TSCD model is given by

f(y|θ) =

T∏
t=2

(
f(yt|Ft−1, θ, yt−1 ≤ r) + f(yt|Ft−1, θ, yt−1 > r)

]
, (17)
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where Ft = (y1, ..., yt) is the information known at time t. The conditional
density of yt+1 given Θ and Ft has the following expression

f(yt+1|Ft, θ)

=

∫ [
f(yt+1|Ft, θ, yt ≤ r) + f(yt+1|Ft, θ, yt > r)

]
dF (ht+1|Ft, θ)

=

∫ [
f(yt+1|ht+1, θ, yt ≤ r) + f(yt+1|ht+1, θ, yt > r)

]
f(ht+1|ht, θ)dF (ht|Ft, θ).

(18)

It is clearly difficult, if not impossible, to obtain an analytical expression
from the above equation (18); instead, a numerical method such as an aux-
iliary particle filter (APF), proposed in Pitt and Shephard (1999), has to be

employed. Suppose that we have a particle sample {h(i)
t , i = 1, ..., N} of ht

from the filtered distribution of (ht|Ft, θ) with weights {πi, i = 1, ..., N}, such
that

∑N

i=1 πi = 1. From this sample, the one-step ahead predictive density
of ht+1 can be approximated as follows

f(ht+1|Ft, θ) ≈
N∑

i=1

πif(ht+1|h
(i)
t , θ). (19)

Then the one-step ahead prediction distribution of ht+1 can be sampled and
the conditional density (18) can be evaluated numerically by

f(yt+1|Ft, θ) ≈
N∑

i=1

πi

[
f(yt+1|h

(i)
t+1, θ, yt ≤ r) + f(yt+1|h

(i)
t+1, θ, yt > r)

]
, (20)

where h
(i)
t+1 are particles from the prediction distribution of (ht+1|Ft, θ). To

validly evaluate (19) and (20), the prediction density of ht+1 must be known
or at least known partially. This assumption is satisfied in our case, since,
from the latent AR(1) process, ht+1 has a conditional normal distribution
ht+1 ∼ N

(
μ+ φ(ht − μ), σ2

)
, which can also be used for duration forecast.

The next question is how to sample (ht+1|Ft+1, θ) given that we have a
particle sample from the filter distribution of (ht|Ft, θ). The APF algorithm
is an efficient tool for the approximation of the one-step ahead prediction
distribution in (18). A detailed discussion of the APF procedure for SCD
models is provided in Men, Kolkiewicz, and Wirjanto (2012). The APF
technique is also applied for SV models in Chib, Nardari, and Shephard
(2006). In our experience, N = 3, 000 is sufficient for both our simulation
studies and empirical analysis.
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4.2. Diagnostics

For the assessment of goodness-of-fit of our TSCD models, there are a
number of techniques that can be used. One of them is the Kolmogorov-
Smirnov (KS) test, which is often applied to assess whether the realized
observation errors originate from the corresponding distribution. Another
approach, introduced by Diebold, Guther, and Tay (1998), is to assess the
Probability Integral Transforms (PITs) obtained from a fitted TSCD model.

To illustrate this procedure, suppose that {f(yt|Ft−1)}
T
t=1 is a sequence of

conditional densities of yt and {p(yt|Ft−1)}T
t=1 is the corresponding sequence

of one-step ahead density forecasts. Then, the PIT of yt is defined as

u(t) =

∫ yt

−∞

p(z|Ft−1)dz. (21)

Under a null hypothesis that the sequence {p(yt|Ft−1)}T
t=1 coincides with

{f(yt|Ft−1)}T
t=1, the sequence {u(t)}T

t=1 corresponds to i.i.d. observations
from the uniform distribution on [0, 1]. Define by It = I(yt ≤ r) an indicator
function. In our TSCD models, the PITs can be calculated by using the
following formulas.

The TSCD model with Gamma components:

u(t) ≈
1

N

N∑
i=1

∫ yt

0

It
Γ(γ1)

zγ1−1 exp(−γ1h
(i)
t ) exp

{
−

z

exp(h
(i)
t )

}
dz

+
1

N

N∑
i=1

∫ yt

0

1 − It
Γ(γ2)

zγ2−1 exp(−γ2h
(i)
t ) exp

{
−

z

exp(h
(i)
t )

}
dz

=
1

N

N∑
i=1

[
It

Γ(γ1)
g(γ1, yt exp(−h(i)

t )) +
1 − It
Γ(γ2)

g(γ2, yt exp(−h(i)
t ))

]
,

where g(γi, yt exp(−ht)), i = 1, 2, are two incomplete Gamma functions.
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The TSCD model with Weibull components:

u(t) ≈
It
N

N∑
i=1

∫ yt

0

v1z
v1−1 exp(−v1h

(i)
t ) exp

{
−

(
z

exp(h
(i)
t )

)v1
}
dz

+
1 − It
N

N∑
i=1

∫ yt

0

v2z
v2−1 exp(−v2h

(i)
t ) exp

{
−

(
z

exp(h
(i)
t )

)v2
}
dz

= 1 −
1

N

N∑
i=1

[
It exp

{
−

(
yt

exp(−h(i)
t )

)v1
}

+ (1 − It) exp

{
−

(
yt

exp(−h(i)
t )

)v2
}]
.

The TSCD model with Exponential components:

u(t) ≈
1

N

N∑
i=1

∫ yt

0

It
λ1

exp(−h(i)
t ) exp

{
−

z

λ1 exp(h
(i)
t )

}
dz

+
1

N

N∑
i=1

∫ yt

0

1 − It
λ2

exp(−h(i)
t ) exp

{
−

z

λ2 exp(h
(i)
t )

}
dz

= 1 −
1

N

N∑
i=1

[
It exp

{
−

yt

λ1 exp(−h(i)
t )

}
+ (1 − It) exp

{
−

yt

λ2 exp(−h(i)
t )

}]
.

In the computation of u(t), h
(i)
t are particles from the corresponding pre-

diction distribution of ht with weights 1/N .

5. Simulation Studies

We assess the proposed estimation and diagnostic methods for the TSCD
models via a simulation study. Since the innovations are assumed to fol-
low Exponential, Gamma and Weibull distributions, there are three types
of TSCD models to be examined, which are respectively defined as TSCD-
E, TSCD-G and TSCD-W models. The values of the parameters that are
used to generate the artificial duration time series are listed in the second
column of Table 2 in boldface. We generated 5,000 durations for each TSCD
model indexed by these given parameters. The first 4,000 observations were
fitted by the corresponding TSCD model and the remaining 1,000 observa-
tions were reserved to calculate the one-step ahead out-of-sample forecasted
durations. The estimated parameters as well as the corresponding standard
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errors and Bayesian highest probability density (HPD) confidence intervals
are also included in Table 2. As the results suggest, the estimated parameters
are close to their true values with relatively small standard deviations.

Table 2: True and estimated parameters of the TSCD models based on the generated
duration data.

Parameter True Est. Std. HPD CI(95%)

Panel A: TSCD-E model
φ 0.94 0.9384 0.0099 (0.9186, 0.9572)
σ 0.19 0.2065 0.0181 (0.1717, 0.2413)
λ1 0.5 0.5376 0.0320 (0.4777, 0.6008)
λ2 2.5 2.5732 0.1572 (2.2957, 2.9054)
r 0.7 0.6999 0.0015 (0.6967, 0.7015)

Panel B: TSCD-G model
φ 0.94 0.9502 0.0069 (0.9364, 0.9632)
σ 0.19 0.1746 0.0096 (0.1559, 0.1932)
γ1 3.5 3.3860 0.1003 (3.1830, 3.5828)
γ2 5 4.7097 0.1204 (4.4687, 4.9416)
r 3.8 3.7979 0.0119 (3.7741, 3.8171)

Panel C: TSCD-W model
φ 0.94 0.9310 0.0069 (0.9176, 0.9447)
σ 0.19 0.1875 0.0061 (0.1748, 0.1991)
r 3.5 3.5518 0.1055 (3.3358, 3.7528)
v1 5 5.1141 0.1405 (4.8475, 5.3986)
v2 0.8 0.8056 0.0161 (0.7789, 0.8403)

To assess the goodness-of-fit of the models, we conduct a KS test based
on the PITs originated from the fitted models. The test statistics for TSCD-
E, TSCD-G and TSCD-W models are 0.01, 0.,0106 and 0.0126 with p-values
0.8132, 0.7555 and 0.5455, respectively. Therefore, we do not reject the null
hypothesis at the 5% significance level that the fitted TSCD models agree
with the corresponding simulated duration data sets. Figures 1 to 3 provide
the scatter plots and histograms of the PITs, while Figures 4 to 6 present
the empirical cumulative distributions (CDFs) with the CDF of a uniform
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distribution over the interval (0, 1). The one-step ahead in-sample and out-
of-sample forecasted durations are compared with the observed durations in
Figures 7 - 9.

Simulation studies conducted in this section demonstrate that our pro-
posed TSCD models and the developed MCMC algorithms are able to re-
cover the true parameters used to generate the duration data. Since the
latent states are augmented as parameters and estimated during the MCMC
procedure, this provides us with a straightforward way to perform a duration
forecast.

6. Empirical Analysis

In this section, we apply our proposed TSCD models and the accom-
panying MCMC algorithms to a benchmark asset transaction data of IBM,
which has been analyzed in the literature for instance by Feng, Jiang, and
Song (2004), Knight and Ning (2008), Xu, Knight, and Wirjanto (2011), and
Men, Kolkiewicz, and Wirjanto (2012). This data set covers the periods from
November 1, 1990 to January 31, 1991, with a total of 24,765 transactions.

Table 3 summarize the estimation results of the parameters of the TSCD
models with threshold Exponential, Gamma and Weibull distributions, re-
spectively, for the innovations of the measurement equation. It is seen that
with small standard deviations, the estimated parameters have correspond-
ing narrow HPD intervals, which are due to the large sample size obtained
from the full conditionals. It is also seen that the estimated shape parameters
for each of the three TSCD models are different indicating the presence of
the informed and uninformed traders in the market. In addition, we observe
that the estimated threshold levels of the TSCD-E and TSCD-G models are
comparable, while the threshold level of the observed data via the TSCD-W
model are much bigger, which may originate from the inherent property of
the Weibull distribution.

To assess the goodness-of-fit of the estimated TSCD models to the IBM
duration data, we carry out a KS test for PITs obtained from each of the
fitted TSCD models. Even at the 1% confidence level, the PITs can not
pass the KS test, indicating that the fitted TSCD model does not agree with
the IBM transaction data. Figures 10 - 12 present the scatter plots and the
histograms of the PITs generated from the three fitted TSCD models, while
Figures 13 - 15 compare the empirical CDFs of the PITs with CDF of a
uniform distribution over the interval [0, 1]. The above comparison shows
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Table 3: Estimated parameters of the TSCD models based on the IBM transaction data.

Parameter Est. Std. HPD CI(95%)

Panel A: TSCD-E model
φ 0.9624 0.0042 (0.9540, 0.9703)
σ 0.1374 0.0085 (0.1213, 0.1541)
λ1 0.8215 0.0227 (0.7786, 0.8666)
λ2 0.9021 0.0234 (0.8582, 0.9495)
r 0.2259 0.0278 (0.1873, 0.2763)

Panel B: TSCD-G model
φ 0.9710 0.0038 (0.9636 0.9782)
σ 0.1176 0.0089 (0.0999, 0.1355)
λ1 0.8970 0.0146 (0.8689, 0.9251)
λ2 0.9636 0.0098 (0.9446, 0.9823)
r 0.2019 0.0155 (0.1865, 0.2296)

Panel C: TSCD-W model
φ 0.9774 0.0025 (0.9725, 0.9825)
σ 0.1068 0.0059 (0.0950, 0.1175)
v1 0.9616 0.0074 (0.9471, 0.9726)
v2 0.9156 0.0099 (0.8963, 0.9351)
r 0.9193 0.1823 (0.5917, 1.2430)
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that there is a lack of fit on the left tails of the marginal distribution of
the IBM durations based on the three fitted TSCD models. This lack of
fit problem is also observed in Bauwens and Veredas (2004), Feng, Jiang,
and Song (2004), and Men, Kolkiewicz, and Wirjanto (2012). Bauwens and
Veredas (2004) pointed out that there is no generally accepted method that
is suitable to check whether a latent variable model fits the data. Regarding
the poor fit, the authors speculate that the durations may be fractionally
integrated or, perhaps, a more flexible model such as the one in Jasiak (1998)
may be needed. For the transformed SCD model with a nonzero correlation,
Feng, Jiang, and Song (2004) also find that with the same three types of
distributions for the observation innovations, the right tails of the duration
distributions can be fitted very well, but not the left tail. Observing the
second panels in Figures 10 - 12 and the CDF plots in Figures 13 - 15, we
can see that the intensity of small durations is around value of 0.1. This
finding is similar to that observed in Men, Kolkiewicz, and Wirjanto (2012),
indicating that durations with small intensities are not well described by
the TSCD models. Our assumption about the form of the distribution of
the innovations in the observation equation may be the source of this poor
fitting problem, and, hence, some other distributions need to be explored to
tackle this problem.

To select a better TSCD model for the IBM transaction data, we compute
the DICs from the fitted TSCD models. The values of DICs are presented in
Table 4. Among the three DIC values, the smallest one is from the TSCD-E
model, which means the TSCD-E model is better suited for the analysis of
the real transaction data of the IBM stock.

Table 4: Model selection for the benchmark data of the IBM stock transactions.
Criterion TSCD-E TSCD-G TSCD-W

D̄ 34720.5 35026.5 35154.4
PD -2088.6 -1773.7 -1596.5
DIC 32631.9 33252.8 33557.9

To illustrate the ability of our TSCD models to forecast the one-step
ahead durations, Figures 16 - 18 compare the observed durations with the
filtered durations from our MCMC estimation and the one-step ahead fore-
casted durations. It can be seen that our TSCD models are able to forecast
future durations quite well.
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Interestingly, our TSCD models can be compared with the ASCD models
proposed in Men, Kolkiewicz, and Wirjanto (2012), where the authors assume
that the innovation of the measurement equation follows one of the three
distributions considered in this paper. The DIC values presented in the paper
by Men, Kolkiewicz, and Wirjanto (2012) are reproduced in Table 5. By
comparing the DIC values between Tables 4 and 5, we conclude that although
a correlation between the durations and the log conditional durations is not
permitted, the TSCD models still perform better than the corresponding
ASCD models with a single distribution. This can be explained as follows.
With a threshold distribution imposed on the innovation of the measurement
equation, the TSCD model can accommodate a wider shape of the marginal
distribution of the IBM durations. Therefore, under the TSCD models, the
asymmetry of the IBM transactions are better captured.

Table 5: Model selection for the benchmark data of the IBM stock transactions.

Criterion SCD-E ASCD-E SCD-E ASCD-G SCD-W SCD-W
(ψ = 0) (ψ �= 0) (ψ = 0) (ψ �= 0) (ψ = 0) (ψ �= 0)

D̄ 35530.0 35413.7 35566.7 35449.4 35591.3 35475.4
PD -1335.3 -1407.5 -1266.0 -1363.2 -1194.7 -1279.4
DIC 34194.8 34006.2 34300.6 34086.3 34396.5 34195.9

In Men, Kolkiewicz, and Wirjanto (2012), the authors use SCD-X to represent
the stochastic conditional duration model, where X indicates the distributions
of the observation equation: Exponential, Gamma and Weibull distributions,
respectively. The letter ψ indicates whether there is a correlation between the
durations and the latent AR(1) process.

7. Concluding Remarks

In this paper, threshold SCD models are proposed for analyzing finan-
cial duration time series. The behaviors of informed and uninformed traders
in market are represented by the two component distributions in the model,
which could be Exponential, Gamma or Weibull. Suitable MCMC algorithms
are developed for Bayesian analysis of the parameters of the models in which
the latent states can be estimated as a by-product. With the help of the aux-
iliary particle filter, the one-step ahead in-sample and out-of-sample duration
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forecasts are carried out in a relatively straightforward way. Simulation stud-
ies and applications to real data suggest that the TSCD models work well in
terms of parameter estimation and duration forecast. The asymmetry and
the tails of the marginal distribution of duration time series can be accommo-
dated by introducing threshold distributions in the SCD models. Moreover,
from the calculated DIC measures, the proposed TSCD models always per-
form better than the asymmetric SCD models with single distributions for
the innovations of the mean equation at least for the IBM duration data.
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Figure 1: Scatter plot (top) and the histogram (bottom) of the PITs produced by the
fitted TSCD-E model based on a generated transaction data.
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Figure 2: Scatter plot (top) and the histogram (bottom) of the PITs produced by the
fitted TSCD-G model based on a generated transaction data.
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Figure 3: Scatter plot (top) and the histogram (bottom) of the PITs produced by the
fitted TSCD-W model based on a generated transaction data.
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Figure 4: Comparison between the empirical CDF of the PITs and the theoretical CDF of
a uniform distribution over the interval (0, 1) based on the TSCD-E model for a generated
transaction data.
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Figure 5: Comparison between the empirical CDF of the PITs and the theoretical CDF of
a uniform distribution over the interval (0, 1) based on the TSCD-G model for a generated
transaction data.
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Figure 6: Comparison between the empirical CDF of the PITs and the theoretical CDF of
a uniform distribution over the interval (0, 1) based on the TSCD-W model for a generated
transaction data.
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Figure 7: Comparison between generated durations, the filtered durations with the one-
step ahead in-sample and out-of-sample forecasted durations based on the TSCD-E model
for a generated transaction data.

27



500 1000 1500 2000 2500 3000 3500 4000 4500 5000

10

20

30

40
Time series of generated durations

500 1000 1500 2000 2500 3000 3500 4000 4500 5000

5

10

15

20

25
Estimated duration time series

500 1000 1500 2000 2500 3000 3500 4000 4500 5000

5

10

15

20

25
One−step ahead forecasted durations

Figure 8: Comparison between generated durations, the filtered durations with the one-
step ahead in-sample and out-of-sample forecasted durations based on the TSCD-G model
for a generated transaction data.
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Figure 9: Comparison between generated durations, the filtered durations with the one-
step ahead in-sample and out-of-sample forecasted durations based on the TSCD-W model
for a generated transaction data.
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Figure 10: Scatter plot (top) and the histogram (bottom) of the PITs produced by the
fitted TSCD-E model for the IBM transaction data.
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Figure 11: Scatter plot (top) and the histogram (bottom) of the PITs produced by the
fitted TSCD-G model for the IBM transaction data.

29



0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8

x 104

0

0.2

0.4

0.6

0.8

1
Scatter plot

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
0

0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

Histogram

Figure 12: Scatter plot (top) and the histogram (bottom) of the PITs produced by the
fitted TSCD-W model for the IBM transaction data.
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Figure 13: Comparison between the empirical CDF of the PITs and the theoretical CDF
of a uniform distribution over the interval (0, 1) based on the TSCD-E model for the IBM
transaction data.
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Figure 14: Comparison between the empirical CDF of the PITs and the theoretical CDF
of a uniform distribution over the interval (0, 1) based on the TSCD-G model for the IBM
transaction data.
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Figure 15: Comparison between the empirical CDF of the PITs and the theoretical CDF
of a uniform distribution over the interval (0, 1) based on the TSCD-W model for the IBM
transaction data.
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Figure 16: Comparison between observed durations, the filtered durations with the one-
step ahead in-sample and out-of-sample forecasted durations based on TSCD-E model for
the IBM transaction data.
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Figure 17: Comparison between generated durations, the filtered durations with the one-
step ahead in-sample and out-of-sample forecasted durations based on TSCD-G model for
the IBM transaction data.
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Figure 18: Comparison between generated durations, the filtered durations with the one-
step ahead in-sample and out-of-sample forecasted durations based on TSCD-W model
for the IBM transaction data.
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Appendix: Full conditionals of some parameters in the TSCD

models

• Full conditionals of λi, i = 0, 1, which are the parameters of the two
Exponential components in (5), given by

f(λ1|yt, θ−λ1
) ∝

T∏
t=2; yt−1≤r

(
1

λ1
exp

{
−
yt exp(−ht)

λ1

})
,

f(λ2|yt, θ−λ2
) ∝

∏
t=2; yt−1>r

(
1

λ2

exp

{
−
yt exp(−ht)

λ2

})
.
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Then, we have λ1 ∼ IG(T1 − 1, β1), which is an inverse Gamma distribution
with T1 =

∑T

t=2 I(yt−1 ≤ r), where I(.) is an indicator function, and β1 =∑T

t=2 I(yt−1 ≤ r)[yt exp(−ht)]. . Similarly, λ2 ∼ IG(T − T1 − 1, β2), where

T1 =
∑T

t=2 I(yt−1 > r)I(yt−1 ≤ r)[yt exp(−ht)]. Thus, λ1 and λ2 can be
sampled independently from two inverse Gamma distributions.

• Full conditionals of vi, i = 0, 1, which are the parameters of the two
Weibull components in (7), given by

f(v1|yt, θ−v1
) ∝

T∏
t=2; yt−1≤r

(
v1 exp(−v1ht)y

v1−1
t exp

{
− [yt exp(−ht)]

v1

})
,

f(v2|yt, θ−v2
) ∝

T∏
t=2; yt−1>r

(
v2 exp(−v2ht)y

v2−1
t exp

{
− [yt exp(−ht)]

v2

})
.

The full conditionals of v1 and v2 are not simple distributions. We can sample
vi and v2 by a random-walk MH procedure with a univariate standard norm
distribution as the proposal.
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