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Abstract
We relax the classical price-taking assumption and study the impact of orders of arbitrary
size on price when the availability of liquidity is a concern in hedging. Our paper extends the
earlier literature, suggesting that an environment with a permanent impact can be viewed as
a special case with zero resilience, whereas an environment with a temporary impact can be
viewed as a limit case with infinite resilience speed. Furthermore, our results hold for more
general stochastic processes for the underlying asset: for example, for a generic Lévy process.
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Introduction

The interplay between option hedging and the dynamics of the limit order book, which governs
the underlying equity, has become more relevant with the introduction of weekly options.1 Weekly
options have the same contract specifications as standard options except for their weekly Thursdayto-Friday maturity. Since the introduction of weekly options in 2005, the average daily volume of
weekly options has grown, and their coverage has been extended to exchange-traded funds in addition to equities and indices. One-, two-, three- or four-day options are also becoming more visible
in the marketplace. Such options provide market participants with a tool for hedging overnight
risk, weekend risk, or the risk associated with special events such as earnings announcements and
economic reports.2 In this paper, we investigate the costs associated with hedging a European
option when the resilience speed of the limit order book for the underlying equity is associated with
the illiquidity costs.
We use a discrete setting for trading times and provide an explicit solution that indicates the
optimal strategy for a hedger who aims to minimize the illiquidity costs incurred and the meansquared hedging error. The classical models of option pricing and hedging assume that agents are
price takers. In practice, however, large traders face adverse market impact when trading with
limited liquidity. Thus, in many models of optimal block execution, the agent trades patiently to
minimize the costs associated with price impact. A block trade by a large hedger can significantly
affect asset prices, which makes perfect hedging a non-optimal strategy. In particular, a BlackScholes hedge usually results in higher replication costs than a more patient strategy that is intended
to minimize the impact cost without increasing the distance of the replicating portfolio from the
target payoff. Price impact decreases the effectiveness of the classical hedging strategies, and what
Bouchaud and Potters (2003) refer to as the “Black-Scholes miracle” does not take place.3
The challenge of including liquidity risk in option pricing and hedging (namely, the relaxation of
the classical price-taking assumption and the study of the impact of orders of arbitrary size on price)
is considered in a vast body of literature. This stream of literature presents “large traders” models
in which the price of an asset depends on certain fundamentals and on a large trader’s activity
based on the reaction function for his current holdings. The equilibrium stock price is a function
1
The Chicago Board Options Exchange (CBOE) launched weekly options, “Weeklys,” on Friday, October 28,
2005.
2
NYSE Euronext has a short maturity index option, and CBOE plans to offer option maturities shorter than a
week.
3
In essence, in the “Black-Scholes miracle”, the residual risk is zero, and Black and Scholes ∆-hedge allows one
to completely eliminate the risk associated with an option, but this occurs only in special cases. As Bouchaud and
Potters (2003) note, “zero-risk is rather an exception than the rule”.
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of a fundamental value and the current stock position of the large trader. A reaction function can
be viewed as a reduced-form representation of an economic equilibrium model like those proposed
by Frey and Stremme (1997), Frey (1998), and Platen and Schweizer (1998) and of the general
framework offered in Bank and Baum (2004). These models represent the feedback between asset
prices and the competing market price manipulation generated by adverse price adjustments due to
large trades. One main aim of this research is to quantify the price distortions induced by feedback
effects from hedging strategies, such as increased and level-dependent volatility. Although the size
of the trade is an important component of liquidity risk, other features also play a role, including
the trading rate of individual traders and the speed of the market clearing by all agents. Thus,
it has been argued that such models should be considered models of feedback effects rather than
models of liquidity effects.
A theoretical framework for a theory of option pricing under liquidity risk is offered in Cetin,
Jarrow and Protter (2004) and other related papers (see also the survey in Jarrow and Protter
(2007)), in which the concept of liquidity risk is integrated into the classical theory for an exogenously given supply curve. An arbitrary trader acts as a price taker with respect to a supply
curve for the shares. As such, the supply curve depends only on the order size and is otherwise
independent of the traders past actions, endowments and risk aversion; the price effect of an order
is limited to the moment when the order is placed, and the order has no lasting impact on the price
process. In our paper, however, we also model the persistent effects of orders that affect future price
dynamics. As Roch and Soner (2011) note, “due to its exogenous nature, the supply curve does
not take into account the impact of trading on its future evolution”.4 Matsumoto (2009) considers
general trade times and focuses on a scenario in which the investor does not know the success of
his trade in advance. However, other liquidity effects such as the costs incurred, price impacts and
the presence of large investors are not considered in Matsumoto’s paper.
These studies do not explicitly consider the shape and dynamics of the order book. Explicit
references to the limit order book (hereafter LOB) literature within a hedging problem are offered
in Rogers and Singh (2010) and in Almgren and Li (2010), which examine the hedging of options
via the purchase of the underlying assets through LOBs.5 In Rogers and Singh (2010), only the
temporary impact is considered; illiquidity is modeled as a transaction cost based on the depth
of the book and the trade size. In Almgen and Li (2010), the permanent impact of trade size on
stock prices is modeled; there is a component of the impact that affects all current and future stock
4

See also Cetin, Soner and Touzi (2010).
A different approach is taken in Kraft, C. Kühn (2011); there, the price impact is assumed to affect the drift and
volatility of the stock dynamics.
5
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prices equally. The aim is to minimize the hedging error or to maximize the terminal value of the
replication portfolio. Both models employ a continuous time setting. These models do not consider
the transient nature of the price impact (i.e., its decay over time) or the resilience of the LOB (i.e.,
the speed at which the limit order book rebuilds itself after being consumed by a trade). The time
needed to restore a book after the execution of an order plays a critical role in determining the
optimal execution strategy.
In our paper, an extension of this model is presented that takes these features into account.
Resilience is modeled in terms of a parameter that measures the speed at which the spread between the fundamental price and the best ask (bid) price (which is generated by past trades) is
resolved. A model with a fully permanent impact can be viewed as a special case with zero resilience speed, whereas a model with an exclusively temporary impact can be viewed as a limit case
with infinite resilience speed. Furthermore, our paper differs from previous research in that our
main results in Section 3 also hold for more general stochastic processes for the underlying assets
(for example, a generic Lévy process), thus allowing for jumps in the price paths and non-Gaussian
return distribution. Because of the central limit theorem, the distribution of the stock returns
can be approximated using a Gaussian distribution when data from a long period are used and
aggregation thins out the tails; however, this does not hold for dynamic hedging, which depends
on high-frequency data.6
Section 2 presents the setup. Section 3 studies the special case of an entirely temporary impact,
which can be considered as a discrete version of the case presented by Rogers and Singh (2010) that
allows for more general price dynamics for the underlying equity. Section 4 provides an explicit
solution to the general problem with finite resilience. Section 5 concludes.

2

The setup

Consider an economy that consists of a risky asset (a stock) that is traded through a limit order
book (LOB), an associated contingent claim and a risk-free asset. The LOB is exposed to repeated
market orders by a large trader. For the sake of simplicity, the risk-free interest rate is assumed
to be zero. We adopt an LOB-based market impact model as in Obizhaeva and Wang (2005): a
model in which the size and decay of the price impact are interpreted within the context of an
order placed in an electronic LOB and in which it is assumed that the impact is linear and that its
time decay is exponential.7
6
7

See Taleb (1997) for a discussion of this point.
This model is consistent with the no-dynamic arbitrage principle as stated in Gatheral (2010).
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We adopt a discrete time schedule in which t0 < t1 < .... < tN denotes the times at which trade
occurs and a fixed filtered probability space with the triplet (Ω, I,P, {Ik }k=0,...,N ). Let the existence
of such a filtered probability space be given, and let St0 denote the unaffected share price: its value
in the long term when large traders are inactive. We assume that St0 is a martingale with respect
to the given filtration. Usually, in the financial models of LOBs, the unaffected stock price follows
either a Bachelier or a geometric Brownian motion process, i.e., dSt0 = σdWt or dSt0 = σSto dWt
where Wt is a Wiener process with respect to the fixed filtration that represents the information
available to market investors. Here, St0 may be any martingale. To simplify the notation, St0k will
be denoted as Sk0 , the expectations E(. | Ik ) will be denoted as Ek and the price process Sk0 is a
0 ) = S 0.
martingale with respect to the fixed filtration, i.e., Ek (Sk+1
k
Let x0 , x1 , ... xN denote the sizes of the trade orders at time t0 , t1 , ....tN . We do not assume
equidistant trading times, although equidistant portfolio re-balancing is a common practice because
the convergence of a hedging scheme can in some cases be improved by using unequally spaced dates
(see Geiss and Geiss (2006)) and shrinking the interval width near the option expiry.
Consider a block-shaped limit order book, that is, a continuous price distribution with a constant
height q > 0. When a buy (sell) order xk is placed at time tk , the ask (bid) price is shifted up
(down) to Sk+ , and the order consumes the shares between the best ask (bid) price Sk where
Sk+ = Sk + xqk . In other words, q is the size of the order flow needed to change the stock price
by one unit, i.e., it measures the depth of the LOB. The smaller the parameter q, the lower the
liquidity of the stock. Let Vk denote the volume of potential orders between Sk0 and Sk and assume
that the gap between the two prices that is generated by previous trading is gradually mitigated
according to dVt = −ρVtdt. In other words, Vt = e−ρ(t−s) Vs in the time interval between the two
trades.
The dynamics are as follows:
1
Sk = Sk0 + Vk
q
x
1
k
Sk+ = Sk +
= Sk0 + Vk+
q
q

(1)
(2)

where Vk+ = Vk + xk and

−ρ(tk+1 −tk )

Vk+1 = e

Vk+

⇒ Vk =

k−1
X
j=0

4

e−ρ(tk −tj ) xj

(3)

if one assumes V0 = 0. Thus, the permanent impact is

Sk+1 − Sk

1
0
= Sk+1
− Sk0 + [e−ρ(tk+1 −tk ) Vk+ − Vk ]
q

(4)

1
0
= −(Sk+1
− Sk0 ) + [1 − e−ρ(tk+1 −tk ) ]Vk+
q

(5)

and the temporary impact is

Sk+ − Sk+1

In Figure 1, we plot a trajectory for a stock price St that is affected by two subsequent purchases.
In panel (a), the impact is only temporary, whereas in panel (b), there is a full permanent impact.
In panel (c), a resilience effect mitigates the impact over time.
Because xk may be positive or negative in a hedging problem, one must model both the buy side
and the sell part of the LOB. Here, the simplification presented by Alfonsi, Fruth, Schied (2010,
page 153) is adopted such that
Vk+ = Vk + xk

and Sk+ = Sk +

xk
2q

holds regardless of the sign of xk , i.e., for both purchases and sales.
Consider the problem of hedging a European option over a time horizon [0, T ] where T = tN .
The option is described by a square-integrable random variable G, as is usual in the hedging
literature, where the closeness of a replicating portfolio to the target option payoff is measured in a
mean-squared sense. In the absence of a price impact, the value of the option’s price is a function,
g, of the time t and the price S of the underlying asset; Gk = Ek [G] = g(tk , Sk ), and Gk is also a
martingale. We assume that even in the illiquid case, the option value is described by a function,
g, of the time and the affected stock price S. We also assume that g(t, St) is It -adapted.
Let R0 denote the initial wealth of an agent who wants to hedge the option. Let x0 , x1 , . . . , xN −1
be the quantity of shares of the underlying asset that he purchases/sells at time t0 , t1 , . . . , tN −1 ,
Pk−1
and let Xk =
j=0 xj , k = 1, . . . , N , denote the number of stocks held by the agent in the
period [tk−1 , tk ]. (Define X0 = 0). Assume that xk is Ik -measurable, and hence, that Xk is Ik−1 measurable. In other words, the two stochastic processes X and x are predictable and adapted,
respectively, with respect to the given filtration.
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(a) Temporary Impact

(b) Permanent Impact

(c) Impact with Resilience

Figure 1: These figures illustrate the trajectory of a stock price St that is affected by two subsequent purchases.
In panel (a), the impact is only temporary, whereas in panel (b), there is a full permanent impact. In panel (c), a
resilience effect mitigates the impact over time.
6

Assuming a zero interest rate, the wealth dynamics are such that at time t−
0 is R0 , and soon after
trading x0 stocks, it is

R+
= R0 + (S0+ − S0 )x0 −
0

1 2
x
2q 0

(6)

at time t−
1 :
0
0
R1 = x0 (St1 − St+0 ) + R+
0 = x0 [St1 − St0 ] −

1
(1 − 2e−ρ(t1 −t0 ) )x20 + R0
2q

(7)

Arguing recursively, we can state that

Rk+1 =

k
X

k

0
xj (Sk+1

j=0

−

1
q

− Sj0 )

1X 1
−
( − e−ρ(tk+1 −tj ))x2j
q
2

(8)

j=0

X

(e−ρ(ti −tj ) − e−ρ(tk+1 −ti ) − e−ρ(tk+1 −tj ))xi xj + R0

i,j=0,...,k
i>j

In an illiquid environment, a large hedger must accept the trade-off between targeting a low hedging
error and incurring a high impact cost. In what follows, we adopt a criterion similar to the one
that Rogers and Singh (2010) use in minimizing the sum of the mean-squared hedging error and
incurring illiquidity costs. Such an approach yields a tractable problem and makes it possible to
“balance low illiquidity costs against poor replication”.
The terminal wealth associated with the portfolio of the stock holding and a short option is

RN − g(tN , SN ) + g(t0 , S0 )
where RN is given by Equation (8). Another expression for Equation (9) is

0
0
rk = Xk+1 (Sk+1
− Sk0 ) − g(tk+1 , Sk+1
+

(9)
PN −1

Vk+1
Vk
) + g(tk , Sk0 + )
q
q

1
x2
+ [Xk+1 (Vk+1 − Vk ) − k ]
q
2
The expected value of the terminal wealth in Equation (9) can be written as
7

k=0

rk + R0 with

(10)

−

N
−1
X

(e)

E0 [rk ] + R0

(11)

k=0

where

(e)

rk

=

x2
Vk+1
Vk
1
0
[Xk+1 (Vk − Vk+1 ) + k ] + Ek [g(tk+1 , Sk+1
+
)] − g(tk , Sk0 +
)
q
2
q
q

(12)

PN −1 (e)
The sum k=0
rk represents the cumulated effect of the price impact on the total wealth and
can be viewed as a type of liquidity cost associated with the trading activity. On the other hand,
(f )
(e)
rk = rk − rk represents the contribution due to the price fluctuation St0 between the two trading
times, tk and tk+1.
In this paper, the optimal hedging strategies are obtained by minimizing a quantity
inf

x0 ,...,xN −1

E0 [

N −1
N
−1
X
1 X 2
1
0
xj ] + var0 [
xj (SN
− Sj0 ) − GN ]
2q
2
j=0

j=0

that reflects the need to protect the portfolio against market fluctuations in risky assets and simultaneously to optimize the expected costs due to the impact risk generated by the trading strategy.
Thus, we depart from the traditional quadratic criterion for hedging error, which is usually employed when the market is frictionless but would not entirely account for the risk that is intrinsic to
our setting. Indeed, the aim of eliminating or reducing volatility risk is only part of the goal, and a
pure hedging approach may yield prohibitively high costs. The first term to be minimized is taken
from the minimum-variance hedge literature, whereas the second term represents the expected loss
within the portfolio due to illiquidity.
The idea of splitting the objective function of a hedging problem into two parts under illiquidity
was previously introduced by Rogers and Singh (2010) and is motivated mainly by tractability
issues. We note that a hedging problem is usually more difficult to resolve than the problem of
optimally liquidating an initial position because in the latter case, deterministic trajectories (in
terms of time and initial position) are allowed or even desirable, whereas hedge paths also depend
on the stochastic price of the risky asset. This simplifying approach does not investigate the possible
complicated interactions between the two components of risk. However, this approach does highlight
the different roles of those components in the hedging strategy. An additional advantage of this
method is that one may also consider combinations of the two terms to represent the different
8

weights that an agent attaches either to the illiquidity risk or to the market risk of mis-hedging.
In the next section, an optimal solution is obtained in the special case involving only a temporary
impact. The effect of finite resilience is then studied in Section 4.

3

Hedging under an entirely temporary impact

In this section, a hedging problem is solved when the price impact is only temporary. The illiquidity
costs that arise from the hedging strategy make perfect replication no longer advisable. The optimal
strategy is the one that makes it possible to achieve two objectives: to finish close to the option value
and to avoid incurring excessively large impact costs during the process by using a less aggressive
strategy than in the liquid case. Unlike Rogers and Singh (2010), we allow for any stock dynamics
and for any level of illiquidity; however, we work under a discrete-time formulation rather than a
continuous one.
The problem to be solved takes the following form:

inf

x0 ,...,xN −1

E0 [

N −1
N
−1
X
1
1 X 2
0
xj ] + var0 [
xj (SN
− Sj0 ) − GN ]
2q
2
j=0

(13)

j=0

Proposition 1. The optimal hedging strategy under criterion Equation (13) is
∗
Xk+1
=

covk (Sk+1 , Gk+1 ) + 1q Xk − bk+1
vark (Sk+1 ) + ck+1

where
ck =

bk =

2
ck+1
− 2
,
q q [vark (Sk+1 ) + ck+1 ]2

1
cN = ,
q

ck+1 bk+1 − 2covk (Sk+1 , Gk+1 )ck+1 − covk (Sk+1 , Gk+1 )vark (Sk+1 )
,
q[vark (Sk+1 ) + ck+1 ]2

bN = 0,

and ck+1 ≡ Ek [ck+1 ] and bk+1 ≡ Ek [bk+1 ].
Proof: See Appendix.
Example 1: The classical liquid case is obtained by letting q → ∞; in other words, the optimal
covk (Sk+1 ,Gk+1 )
∗
hedge is Xk+1
= var
. See Schweizer (1995) or Föllmer and Schweizer (1989).
k (Sk+1 )
9

Example 2: Consider small trading intervals ∆t = tk − tk−1 . If St0 exhibits a geometric Brownian
motion with volatility σ, then the expression for vark (Sk+1 ) can be replaced with σ 2 Sk2 ∆t, and the
expression for covk (Sk+1 , Gk+1 ) can be rewritten as σ 2 Sk2 ∂S g(tk , Sk )∆t. Obviously, the limit case
q → ∞ yields the Black-Scholes hedge.
Example 3: Consider small trading intervals ∆t = tk − tk−1 . Assume that the stock price St0 = eLt
where (Lt )t≥0 is a Lévy process. Let ψ denote the characteristic exponent with respect to the
martingale measure P , i.e., E(eiξXt ) = e−tψ(ξ), and ψ(−i) = 0 if the interest rate is 0. Then,
vark (Sk+1 ) can be approximated using −ψ(−2i)Sk2∆t and covk (Sk+1 , Gk+1 ) can be obtained as
eLk [ψ(Dx) − ψ(Dx − i)]g(tk , eLk )∆t, where ψ(Dx) is the pseudo-differential operator whose symbol
is the characteristic exponent ψ(ξ).8
2
If Lt = − σ2 t + σWt where Wt is a Wiener process, the Black-Scholes framework applies again (with
2 2
2
a zero, risk-free interest rate), and in this case, ψ(ξ) = iσ2 ξ + σ 2ξ . Thus,
vark (Sk+1 ) ≈ −ψ(−2i)Sk2∆t = σ 2 Sk2 ∆t
and
covk (Sk+1 , Gk+1 ) ≈ Sk iσ 2 Dxg(tk , eLk )∆t = σ 2 Sk2 ∂S g(tk , Sk )∆t
as Dx = −i∂x . An alternative solution to the variance-optimal hedging problem for stochastic
processes with stationary independent increments is offered in Hubalek et al. (2006) in the fully
liquid case.
Example 4: If St0 follows a Bachelier process with volatility σ, then vark (Sk+1 ) = σ 2 (tk+1 − tk ),
and ck is deterministic. The expression for the hedges simplifies to
x∗k = [1 −

q(σ 2 (tk+1

1
](∂S g(tk , Sk ) − Xk )
− tk ) + ck+1 )

which clearly shows that the intensity of the trading depends linearly on the distance from being
perfectly hedged, i.e., Xk − ∂S g(tk , Sk ).
Proposition 1 explicitly represents the optimal trading strategy under a temporary price impact
caused by hedging through a limit order book whose depth is described by the parameter q. To show
the effect of the optimal strategy x∗ and to compare it with the classical Black-Scholes ∆-hedge
(which does not take into account the price impact), we simulate both strategies in hedging a short
position on a call. The path of the price of the underlying stock is simulated assuming a geometric
8

See Boyarchenko and Levendorskiı̆ (2002) for the notation for pseudo-differential operators and Lévy processes.
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Brownian motion and 100 trades. The case of an in-the-money call option near expiry is considered.
Both hedging strategies the Black-Scholes strategy and the optimal strategy are plotted in the same
graph (see Figure 2(a) and Figure 2(b)) for a comparison. Moreover, Figure 2(a) and Figure 2(b)
are obtained by employing two different liquidity parameters, q, to show the sensitivity of the
optimal hedging strategy to the depth of the LOB.
Figure 2(a) is obtained from 1q = 0.001, whereas in Figure 2(b), 1q = 0.005. q1 = 0.001 (0.005)
indicates that a trade of 1000 (200) shares of stock would have a market impact of one unit of
currency on the stock price. The optimal hedging strategy is generally less aggressive than the
Black-Scholes strategy. As a result, the cost incurred due to the price impact is much lower. Of
course, this effect is enhanced in the presence of a shallower LOB. This finding confirms that
a hedger trading in an LOB should give up the perfect hedge. For example, in the case where
1
−3
q = 10 , the optimal hedge makes it possible to eliminate 80% of the impact cost that would be
accrued using the Black-Scholes hedge while leaving acceptable terminal mishedging.
It is interesting to note that although a Black-Scholes strategy flattens out as it approaches
the end, in the optimal strategy, the agent may trade more aggressively than a Black-Scholes
trader when he is near the close of the trading period. Essentially, the intensity of the trading
increases slightly in the terminal period of the trading time interval. In Almgen and Li (2011),
such shapes for the trading pattern are obtained by introducing a penalty that incorporates the
agent’s concerns about movements beyond the trading interval, for example, an overnight jump
if the trading period is one day. In contrast, we obtain a moderate increase in the final trading
activity without employing this type of device or even considering the issue of liquidating the
terminal wealth. Obviously, the adoption of a final condition incorporating this concern would
increase the intensity of the phenomenon. However, this effect is seemingly intrinsic to the optimal
strategy under the price impact.

4

Hedging with price impact and resilience

Consider the hedging problem under the general setting described in Section 2. We use the notation
PN −1
from Section 2 and write the terminal value of the hedger’s stock portfolio as k=0
rk +R0 where rk
1
is given by Equation (10). In what follows, we suppose that q is a small parameter in comparison
to the intra-period variance of St0 . Thus, the concern regarding market price fluctuation is not
negligible with respect to the effect of the price impact. In the opposite case, the hedging problem
would become meaningless. (See Remark 4).

11

(a)

(b)

Figure 2: Black-Scholes hedging (which neglects the price impact) and the optimal strategy are plotted for two
different liquidity parameters, q, which are related to the depth of the LOB. Figure 2(a) is obtained from q1 = 0.001,
whereas in Figure 2(b), 1q = 0.005. 1q = 0.001 (0.005) indicates that a trade of 1000 (200) shares of stock would have
a market impact of one unit of currency on the stock price.
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Because the time scales are usually short and because
imation is reasonable:

0
g(tk+1 , Sk+1
+

1
q

is a small parameter, the following approx-

Vk+1
Vk
Vk
Vk+1 − Vk
0
) − g(tk , Sk0 + ) ≈ ∂S g(tk , Sk0 + )[Sk+1
− Sk0 +
]
q
q
q
q

(14)

Introducing the variable Yk = Xk − ∂S g(tk , Sk ), which measures the distance of the stock holdings,
Xk , from the traditional ∆-hedge, we can represent the terminal wealth as follows:

N
−1
X

x2
1
0
[(Yk + xk )(Sk+1
− Sk0 ) + [(Yk + xk )(Vk+1 − Vk ) − k ]
q
2

(15)

N −1
N
−1
X
x2k
1X
1
0
E0 [
((Yk + xk )(Vk − Vk+1 ) + )] + var0 [
(Yk + xk )(Sk+1
− Sk0 )]
q
2
2

(16)

R0 +

k=0

The hedger’s problem is

inf

x0 ,...,xN −1

k=0

k=0

The dynamics of the state variables are as follows:

Vk+1 = βk (Vk + xk )
Yk+1

(17)

Γ
Γ
0
= Yk + xk [1 − βk ] + [1 − βk ]Vk − Γ(Sk+1
− Sk0 )
q
q

where βk = e−ρ(tk+1 −tk ) and Γ = ∂S2 g(t0 , S0 ).
The following proposition provides an explicit solution for the case in which St0 = S0 + σWt.
Proposition 2. The optimal hedging strategy under criterion Equation (16) is
x∗k =

Lk Yk − Hk Vk
Dk

where the following notation is used:
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(18)

1 − 2βk
Γ
Γ
+ ak+1 βk2 + 2bk+1 βk (1 − βk ) + ck+1 (1 − βk )2
q
q
q
1 − βk
Γ
Γ
+ ak+1 βk2 + 2bk+1 βk (1 − βk ) + ck+1 (1 − βk )2
q
q
q
1 − βk
2Γ
Γ
Γ
+ ak+1 βk2 + bk+1 βk (1 −
βk ) − ck+1 βk (1 − βk )2
q
q
q
q
βk
Γ
− σ 2 (tk+1 − tk ) − ck+1 (1 − βk ) − bk+1 βk
q
q

Dk = σ 2 (tk+1 − tk ) +

(19)

Hk =

(20)

Kk =
Lk =

(21)
(22)

and

ak = (

bk

1 − 2βk
Γ
Hk 2 2
) [σ (tk+1 − tk ) +
+ ck+1 (1 − βk )]
Dk
q
q

bk+1 βk (σ 2 (tk+1 − tk ) −
Hk 2βk − 2 2ck+1 Γ(1 − βk ) Γβk
+
[
+
(
− 1) +
Dk
q
q
q
Dk
Γ
2bk+1 βk 2
βk Γ(1 − βk )
+ck+1 ( )2 (1 − βk )2 +
[σ (tk+1 − tk ) − ]
q
Dk
q
q
ak+1 βk2 2
βk
+
[σ (tk+1 − tk ) − ]2 , aN = 0
Dk
q
Hk 1 − 2βk
1 − βk
Lk (βk − 1)
[
Lk − σ 2 (tk+1 − tk )Kk ] +
+
=
2
Dk
q
q
qDk
Hk βk
Γβk
Lk
+
[ + ck+1 (
− 1)(1 +
)]
Dk q
q
Dk

(23)
βk Γβk
q )( q

− 1)

]

(24)

L [σ 2 (tk+1 − tk ) − βqk ]
Γ(1 − βk )
Lk
2 k
+ck+1
(1 +
) − ak+1 βk
q
Dk
Dk2
bk+1 βk
Γβk
Lk
βk
Γ(1 − βk )
Γβk
Hk
+
[(1 + (
− 1)
)(σ 2(tk+1 − tk ) − ) − (
+(
− 1)
)Lk ], bN = 0
Dk
q
Dk
q
q
q
Dk
ck =

σ 2 (tk+1 − tk )Kk2 +

1−2βk 2
q Lk

+ ak+1 βk2 L2k − 2bk+1 βk L2k ( Γβq k − 1)
Dk2

+

(25)

Lk 2βk
Γβk
Lk 2
[
− 2bk+1 βk ] + ck+1 [1 + (
− 1)
] , cN = 0
Dk q
q
Dk

Proof: See Appendix
Remark 3. The case of Section 3, Example 4, is obtained as a limit case for Proposition 2 in
which ρ → ∞.
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Remark 4. The optimal solution is obtained using some restrictions on the relevant parameters.
For example, in the case involving equally spaced time intervals, tk − tk−1 = ∆t, we need to assume
σ 2 ∆t >

2e−ρ∆t − 1
.
q

In this scenario, the need to hedge against market price fluctuation is not irrelevant given the
incurred illiquidity effects. If this is not the case, the trade-off between hedging and manipulation
makes the second strategy more favorable, and an infinite demand for stocks may be optimal. Note
that when there is merely a temporary impact, no sufficient condition is required because
σ 2 ∆t > −

1
q

is trivially satisfied.
The case of a fully permanent impact is obtained when one takes ρ = 0, that is, βk = 1 in
Proposition 2. In this case, one obtains Vk = Xk ; thus, there is a single state variable, and the
expression for the optimal hedges is less involved. The optimal strategy is given as follows:

x∗k

= (−1 +

ck+1 ( Γq − 1) Γq
σ 2 (tk+1 − tk ) −

1
q

+ ck+1 (1 − Γq )2

)Yk

(26)

where

ck =

c2k+1
1
Γ
Γ
Γ
+ ck+1 ( )2 + 2 (1 − )
,
q
q
q
q σ 2 (tk+1 − tk ) − q1 + ck+1 (1 − Γq )2

cN = 0.

(27)

The numerical simulation for the case of a permanent impact shows that the optimal hedge is
close to the corresponding strategy without a price impact and that the hedger slightly overhedges
the option at the beginning. The reason is that although the hedger can exploit the permanent
price impact by benefiting from his stock holdings, the hedging activity also negatively affects the
option payoff. Thus, the illiquidity costs that arise from the hedging activity are offset by the price
manipulation strategy. As a result, when the price impact does not dissipate immediately, the
optimal strategy is closer to that of a perfect hedge than in the case of Section 3. In Figure 3, a
case involving a permanent impact is compared to one involving an exclusively temporary impact
15

Figure 3: The case involving a permanent impact is compared to that of an exclusively temporary impact when
the stock price follows a Bachelier pattern and the hedger has a short position on a call option.
when the stock price follows a Bachelier pattern and the hedger has a short position on a call
option.
However, our model does not take into account the issue of how to liquidate the terminal
portfolio; that is, it is implicitly assumed that the terminal portfolio can be sold at the spot price
with negligible liquidity costs. If this is not the case, the terminal conditions of our optimization
problem must be changed, and one will obtain a different solution. More importantly, a thorough
analysis of non-transient price impacts would require a market model in which the affected price
would be a long-term effect of market clearing. Finally, a realistic model should allow the trader to
cancel and possibly re-enter an order or to route the order to another book. However, all of these
features would make the problem mathematically intractable.

5

Conclusions

Our results illustrate the hedging costs accrued in the presence of a price impact through a LOB.
In the presence of this type of price friction, the optimal hedging strategy involves trading less
aggressively than would be dictated by the Black-Scholes model to minimize the costs associated
with such price impacts. Obviously, the magnitude of the latter is contingent on the shape of the
16

LOB and on how much liquidity is available relative to the desired trade size. If the LOB is shallow,
the influence of the price impact is magnified, thus making perfect hedging expensive relative to a
patient strategy of trading according to the resilience speed of the book.
The illiquidity costs associated with hedging are more pronounced given a pure temporary
impact than under a pure permanent price impact. This is because, although the hedger can exploit
the permanent price impact, the hedging activity negatively affects the option payoff. Therefore, the
illiquidity costs that arise from the hedging activity are offset by the price manipulation strategy.
Under both temporary and permanent price impact, the cost of a terminal mishedge may be less
than the eliminated price impact costs.
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6

Appendix

Proof of Proposition 1: By the law of total variance,
vart(X) = Et[vart+∆t(X)] + vart[Et+∆t(X)]
for ∆t > 0.
Arguing recursively, one obtains
var0 [

N
−1
X

xj (SN − Sj ) − GN ] =

j=0

N
−1
X

vark [Xk+1 Sk+1 − Gk+1 ].

k=0

The value function for Equation (13) then takes the form:
J0 (X) =

inf

x0 ,...,xN −1

E0 [

N
−1
X
k=0

1 2 1
x + vark [(X + xk )Sk+1 − Gk+1 ]].
2q k 2

By standard argument in stochastic dynamic programming, J0 is the last step of:
1 2 1
x + vark [(X + xk )Sk+1 − Gk+1 ]
xk
2q k 2
+Ek [Jk+1 (X + xk )]], k = 0, . . ., N − 1, JN (X) = 0.

Jk (X) = inf E0 [

(28)

Solving the minimization problem in Equation (28), we obtain the optimal hedge xk as the solution
of:
1
0
xk ( + vark (Sk+1 )) + Xvark (Sk+1 ) − covk (Sk+1 , Gk+1 ) + Ek [Jk+1
(X + xk )] = 0.
q
Making the Ansatz:
cek 2
X
2
one obtains the expressions for ak , bk and e
ck by comparing the two sides of Equation (28) and
separating both sides by powers of X. The result follows if we denote ck = e
ck + q1 .
Jk (X) = ak + bk X +
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Proof of Proposition 2: The value function for Equation (16) takes the form:

J0 (Y, V ) =

inf

x0 ,...,xN −1

E0 [

N
−1
X
k=0

x2
1
1
0
[(Y + xk )((1 − βk )V − βk xk ) + k ] + vark [(Y + xk )Sk+1
].
q
2
2

By standard argument in stochastic dynamic programming, J0 is the last step of:
−1
[Y (βk xk + (βk − 1)V ) + (βk − 1)V xk
(29)
q
1
1
0
+x2k (βk − )] + (Y + xk )2 vark [Sk+1
]
2
2
Γ
Γ
+Ek [Jk+1 (Y + xk (1 − βk ) + (1 − βk )V
q
q
0
0
−Γ(Sk+1 − Sk ), (βk − 1)V + βk xk )]], k = 0, . . ., N − 1, JN (Y, V ) = 0.

Jk (Y, V ) = inf E0 [
xk

Solving the minimization problem in Equation (29), we obtain the optimal hedge xk as the solution
of:
1
(Y + xk )vark (Sk+1 ) − [Y βk + (βk − 1)V + xk (2βk − 1)]
(30)
q
Γ
Γ
0
0
+Ek [Jk+1
(Y + xk (1 − βk ) + (1 − βk )V − Γ(Sk+1
− Sk0 ), (βk − 1)V + βk xk )] = 0.
q
q
Making the Ansatz:

ak 2
ck
V + b k V Y + Y 2 + dk
2
2
the expressions for ak , bk and ck are obtained by comparing the two sides of Equation (30).
Jk (Y, V ) =
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